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Approximation by {p, g)-Lorentz polynomials on a 

compact disk 

M. Mursaleen, Faisal Khan, Asif Khan 


Abstract 


In this paper, we introduce a new analogue of Lorentz polynomials based on {p, g)-integers and 
we call it as {p, g)-Lorentz polynomials. We obtain quantitative estimate in the Voronovskaja’s type 
thoerem and exact orders in simultaneous approximation by the complex (p, g)-Lorentz polynomials 
of degree n € N, where q > p > 1 attached to analytic functions in compact disks of the complex 
plane. 

AMS Subject Classifications (2010): 41A10, 41A25, 41A36. 

Keywords and phrases: (p, g)-integer; Complex (p, q)-Lorentz polynomials; Voronovskaja’s theo¬ 
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1 Introduction and preliminaries 

In 1986, G. G. Lorentz [7j, introduced the following sequence of operators defined 
for any analytic function / in a domain containing the origin 



( 1 . 1 ) 


In last two decades, the applications of g-calculus emerged as a new area in the 
held of approximation theory. 

In |3], Gal introduced and studied the g-analouge of the Lorentz operators for 
g > 1, for any analytic function / in a domain containing the origin as follows: 



Details on the g-calculus can be found in mm 

Several authors have introduced and studied the approximation properties for dif¬ 


ferent operators in compact disk. For instance, in [SI El CD] Mahmudov studied g-Stancu 
polynomials, q-Szasz Mirakjan operators and generalised Kantorovich operators; In [2] 
Gal et al studied q-szasz-Kantorovich operators. 

Recently, Mursaleen et al applied {p, g)-calculus in approximation theory and in¬ 
troduced hrst (p, g)-analogue of Bernstein operators [H] . Similarly they introduced 
and studied approximation properties for (p, g)-Bernstein-Stancu operators [12] and 
(p, g)-Bernstein-Kantorovich operators [13] . 
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Let us recall certain notations of (p, g)-calculus. 
The (p, q) integer [n\p^q is defined by 


Wp,q ■ = 




p-q 

The (p, g)-binomial expansion is given as 


, n = 0,1,2, • • • , p > g > 1. 


[ax 




k=0 


n 

k 


^n-k^k^n-kyk 


P,!} 

I „ 2 „ 


{x + y)p,g-.= {x + y){px + qy){p x + q x + q^ y), 

and the (p, g)-binomial coefficients are defined by 


n 


\n 


P.9- 


-I P,Q 


[^]p)9-[^ ^Ipi?- 


The (p, g)-derivative of the function / is defined as 

D fix) = /(P^) - ^ j 0 

"mPV) (p-q}x ’ ^ ' 


and {Dp^q)f{0) = /'(O), provided that / is differentiable at 0. It can be easily 
seen that Dp gX^ = [n\p^gX"‘~^. 

Details on (p, g)-calculus can be found in [5l [6l [HI [161 [H] • 

Our results generalize the results of Gal |1] 


2 Construction of Operators 


Now, with the help of (p, g)-calculus and using above formula, we present (p, q)- 
analogue of Lorentz operators (11.11) as follows: 


Ln,p,qif] z) — ^ ^ 


fc(fc-l) 


k=0 


n 

k 


-I p,<? 


n 


P.9 


\ k 

) neN, zee (2.1) 


Note that for p = 1, (p, g)-Lorentz operators given by fl2.ll) turn out to be g-analogue 
of Lorentz operators fll.2p . 

Firstly, we obtain an upper approximation estimate. 


Theorem 2.1 Let i? > g > p > 1 and Dr = {z e C : \z\ < R}. Suppose that 

OO 

/ : Dr —)■ C is analytic in Dr, i.e., f{z)= H Ckz’^, for all z e Dr. 

k=0 
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(i) Let l<r<^<^be arbitrary fixed. For all \z\ < r and n G N. Then, we 
have the upper estimate as 

\Ln,p,qif)iz) - f{z)\ < Mr,,p,qif), 

oo 

where Mr^^p,q{f) = E \ck\{k + l)r'i < oo. 

k=0 

(ii) Let l<r<<r*<^<^be arbitrary fixed. For the simultaneous approxi¬ 
mation by complex Lorentz polynomials, for all \z\ < r, m,n eN, we have 

where Mrj^^p^q{f) is given as at the above point (i). 

Proof, (i) For ej{z) = z\ it is to see that Ln,p,q{eo){z) = 1, Ln,p,q{ei){z) = z. Then 
we have 


j(j-i) n 


Ln,p,qiej)iz) = q 2 

Jr 

by some simple calculation, we get 
r J f-I [l]p,g 


[jW 2 < j < n, for all j,neN 


Ln,p,qiej)iz) = z^ ' 1-p 


1 — p 


n-2 [2]p,g 


I _ n-(,?-i) [j l]p,g 


It is easy to see that for j > n + 1, we get Ln,p,q{ej){z) = 0. 

Now it can be easily seen that 

OO 

Ln,p,q (/)w = E CjLn,p,q{ej){z) for all \z\ < r. 


Hence 


\Ln,pM)i^) - fiP 

n oo 


j=n+l 


\cj\ — ( 1 


n-l 


l_pn-2p^\ E _p«-b-l) b Ik A 


+ 2^ \cj\r\ for all \z\ < r. 

j=n+l 

On the other hand, the analyticity of / implies Cj = and by the Cauchy’s 

estimates of the coefficients Cj in the disk \z\ < ri, we have \cj\ < for all j > 0, 
where 

n n 

Kr^ = max{|/(a;)| : |^| < n} < ^ |cj|r^ < ^ \cj\ (j -h 1) r{ := Rr^{f) < oo. 
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Therefore 


\cjy<RrAf) 

j=n-\-l 


r 

n 


1 n+l oo / ^ \ J 


E(rl =«■-.(/) 

i=o ^ ^ 


r 

ri 


-I n+l 


ri 


ri — r 


= ^n(/)- 


ri — r 


ri 


<i?n(/) 


P 


n+l 


)Ap,q (9 -P)^’ 


and finally we get 


|i..,„(/)(*-) - /(z)i < fT‘ -«.■■(/) 




for all n G N and \z\ < r. 


(ii) Let 7 be the circle of radius r* > r and center 0, since for any \z\ < r and n G 7 , 
we have |n — ; 2 | > r* — r. By Cauchy’s formula it follows that for all n G N 




dv 


< 


p 


n+l 


[n 

p 


p,q 

n+l 


r Ln,p,q{f)i^) - /(^) 

^ {v — z)^+^ 

, ^ 27rr 

Mr,,pM) 

Mr,,p,q{f) 


2tt (r* — 
ml r* 


[n]p,q ('^*_^)m+l- 

We have the following quantitative Voronovskaja-type results. 

Theorem 2.2 For i? > > 1, let / : Dr — )■ C be analytic in Dr, i.e., f{z) = 

00 3 4 

E for all 2: G Dr and let 1 < r < be arbitrary hxed. Then for all 

k=0 

n G N, \z\ < r, we have 

Ln,p,q{f)i^) - /(^) + 


Sp,q{f)i^) / 


n 


p,q 


- [nf 


Qri,p,q{f) j 


p,q 


where 




fc =2 


fc =2 


and Qr,,p,q = JY(q-p) ^ < °°- 

Proof. We have 

Sp,q{f)i^) 


Ln,p,q{f){z) - f{z) + 


P". P^Q 


4 



< 




k=0 


n 


k=0 



Ln,p,q{ek){z) - ek{z) +p'^ 
Ln,p,q{ek){z) - ek{z) + 

+ ^ pn-ik-i) c, [IMea: 

k=n+l ^ ^ 

Ln,p,q{ek){z) - ek{z) 


[k]p,q [k]q 

P — 1 


[k]p,q [k]q 
P — 1 



[k]p,q [k]q 

P — 1 


ek{z) 

ek{z) 


ek{z) 



[k]p,q [fe]g 
p — 1 


for all \z\ < r and n G M. 

In what follows, firstly we will prove by mathematical indnction with respect to k that 


^ ^ ^ p^^ {k + l){k- 2 f [qri\' 
K, («-P) UJ’ 
for all 2 < A; < n (here n G N is arbitrary hxed) and \z\ < r, where 

n-(fc-l) 


( 2 . 2 ) 


^n,k,p,q(^Z^ L^pqiC-k^i^Z^ Gk(^z) d" 


r [k]p,q - [k]q 


m 


p,q 


p — 1 


ek{z) 


kin,p,qifik){^Z^ Gki^z') -\- 


p. 


n-(fc-l) 


\n 


([^]p>'? ■■■ + [k l]p,g) ^k{z)- 


P,Q 


By mathematical indnction, we easily 

[k]p,q ~ [k]q 


P — 1 


([^]pi9 ••• [k l]p,g) • 


On the other hand, by the formnla for Ln,p,q{ek) in the proof of Theorem 12.11 (i), 
simple calcnlation leads to En, 2 ,p,q{,z) = 0, for all n G N and to the recnrrence relation 

p _ ^ 

En,k,p,q(^z') T p ^ ^ Dpq^Ljipq(^€k—l)(^z') Ck—li^z')^ T Z^Lfipq(^€k—l)(^z') e/j_i(^)] 

P 

z 

T ~ En^k—l,p,q\Z), \z\ ^ T. 

Now, for \z\ < r and 3 < k < n and applying the mean valne theorem in complex 
analysis, with notation ||/||r = max{|/( 2 ;)| : | 2 :| < r}, we get 

A 


\En,k,p,q{z)\ = T-^ p"" \\{Ln,p,q{ek-l){z) - ek-l{z))'\\sL 

[^\p,q 
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[^]p,g 


\En,k,p,q{z) \ < ( - {k + 1) ] -r^- {k - 2)[k - 2]p^g rf + n \En,k-l,p,qiz)\ 


\n 




2n 


< Y^{k + l){k - 2)[k - 2]p^qr^ + n \En,k-i,p,q{z)\ 
l^\p,q 

Now on taking k = 1,2,3,..., step by step, we easily obtain the estimate 


\En,k,p,qiz')\ ^ 


^ 2 n 


P ^k 


\n 


2 '1 
P.? i =3 




< 


{k + l){k — 2Yfqri 
W\l,q {Q-P) VP. 


Now we calculate 


E |cfc| Ln,p,q{ek){z) -ek{z) + g” ek{z) 


k=0 


< 


2n 


^ ^ \^k\ \En,k,p,q{,z)\ 


k=0 


< - 2 )^ (— 
Mp,g {(l-PJt^r. \ P 


k=0 


< 


2tl 1 ^ 



2 / Qri 
P 


On the other hand, since ^p"' j > 0 for all fc > n +1, similar to proof 

of Theorem 12. II (i), we get 


k f n-{k-l) [^]p,q Wg _ 


Y1 [p 

k=n+l \ £- / 


'’dm; 


< Y. p 

k=n-\-l 


n—(k—l) 


\Ck\ 


kq^ 


(p- l)[n]p,gP^(g -p) 


< 


RrAf)P^ 


P+1 °° pk 


r>l 




, yp-‘ 


n+l 


< 


R,Af)p 


E 


fc=n+l 



1 / 3 ' 


A: r 



< 


{p-l)[n]p^q Vo 



("+!) 


^ri(/)p"+^ f r\ 3 


E 

A:=0 


r 

Ti. 


1 / 3 ' 


2 A: 





1 / 3 ' 
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n 1 

Rriif)p"'~^^ / r \ 3 rs 


{p - l)[n\p^g \rj (rf-r3) 


p- 


2n+2 


RrAf) 


^ [n]lq (p- 1) {q-pf 


< 


p 


P,<1 
2n+2 


[n]l,q {p - 1) (g - Py ^0 


|cfc| (fc + 1 )(A; + 2 ) 


where we used the inequalities, [k]p^g < ^. % < 


2 / q 

I -n 

p 


and 


(2.3) 


rl/3 


< 


Hence, by combining all above estimates, we have 

Sp,q{f)i^ 


q" — {q-p)[n]p,q (r|/^-rl/3) — (q-p)' 


Ln,p,q{f)iy - fiy + 


\n 


p,q 


< <W-9 + P-l) j2 k.l (M)(k+2r ( p; ‘ 


(p - 1) (g - p)^ Wr 


p-? fc =0 

The following result gives the lower approximation estimate 


P 


Theorem 2.3 Let R > p^/q^ > 1, / ; D/j —)■ C be analytic in Dr, i.e., f{z) = Yh CkZ^, 


k=0 


for all G Dr and let 1 < r < be arbitrary hxed. If / is not a polynomial 

of degree < 1, then for all n G N and \z\ < r, we have 

\\Ln,p,qif) - fWr ^ J^Cr,r^,p,qif)^ 


n 


p,q 


where the constant Cr,ri,p,q{f) depends only on /, r and ri. Here ||/||r denotes max{|/( 2 :)|}. 
Proof. For Sn^p^g{f){z) as dehned in Theorem 12.31 all \z\ < r and n G N, we have 


Ln,p,q{f){z) - f{z) 


\n 


p,q 


-Sp,q{f)iy + 


n 


p,q l 


P 


2n 


' i„,p,,(/)(j) - f(z) + j^Sp.,(/)(z) 

[n\p,q 


Using the following inequality 

||F + G||,>|||F||,-||G|q>||F||.-||G||.. 

We have 

I|U,m(/) - fWr 


lyRR C 79 ^ 


\n 


p,q 


L P 


\n 


p,q 


^2n 


p 


Ln,p,q{f)iz) - fiy + T-^Sp,qif)iy 


n 


p,q 


Since by hypothesis / is not a polynomial of degree < 1 in Dr, we get ||*S'p,g(/)||r > 0. 

Indeed, supposing the contrary it follows that Sp^q{f){z) = 0 for all 2 ; G Dr = 
{z G C : |z| < r}. 
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A simple calculation yields Sp^q{f){z) = z f ^ Sp^q{f){z) = 0 implies 

that Dp^q{f){z) = f'{z), for all G Zi)r\{0}. Taking into account the representation of 

OO 

f as f{z) = CkZ^, the last inequality immediately leads to = 0, for all k > 2, 

k=0 


which means that / is linear in Br, a contradiction with hypothesis. 
Now, by Theorem 12.21 we have 


\n 


p,<i 


P 


2n 


P'‘ 


L^,p,qif)i^)-fi^)+jf^Sp,q{f){z) 


n 


p,<i 


— Qri,p,qif) y 


where Qri,p,q{,f) is a positive constant depending only on /, ri, p and q. 

Since , —)■ 0 as n ^ cxo there exists an index no depending only on /, r, ri, p and 

[np^q\ 

q such that for all n > rio, we have 


II^P,.(/)(^)II 


p 


\n 


P,<1 L 


\n 


p,q 


p 


,2n 


p 


L^,p,q{f)i^)-fi^) + T^Sp,q{f)iz) 


n 


p,<i 


>^\\SpM)l 


which immediately implies that 


\Ln,pM)-f\\r> 


P" 


[n]p,q 2 


ll>S'p,g(/)(^)||r, for all n > no. 


For n G "[1 , ...jUg}, we have \\Ln,p,q(^f') f\\r ^ Mpij whh M^r,ri,n,p,q 

\\Ln,p,q{f) - f\\r > 0 (If \\Ln,p,q{f) - f\\r) would be equal to 0, this would imply 
that / is a linear function, a contradiction). 

Therefore, finally we get \\Ln,p,q{f) - f\\r > Cr,ri,p,q(f) for all n G N, where 


C'r,ri,p,q(^f') miu ^ -^r,ri,l,p,q(^f')y •••; Afj. ,ri,no,p,q if), ^\\Sp,qif)\\ 


which completes the proof. 

Combining Theorem 12.31 and Theorem 12.11 (i), we immediately get the following 
result. 


Corollary 2.4 Let R > p'^/q'^ > 1, / : Dr — )■ C be analytic in Dr, i.e., f{z) = 

OO 3 4 

^ Ckz’^, for all z G Dr and let 1 < r < ^ be arbitrary hxed. If / is not a 

k=0 

polynomial of degree < 1, then for all n G N and \z\ < r, we have 

l|in,„(/) - /II. ~ r^. 

['>T'ip,q 


where the constants in the equivalence depend only on /, r, ri. p and g but are 
independent of n. 





























3 Approximation results 


Concerning the simnltaneous approximation, we prove the following: 

OO 

Theorem 3.1 Let R > p'^/q^ > 1, / : Dp^ —)■ C be analytic in Dpi, i.e., f{z) = ^ 

k=0 

for all 2 ; e Dr and let 1 < r < r* < ^ be arbitrary hxed. Also let m G N. If / 

is not a polynomial of degree < max{l, m — 1}, then for all n G N, we have 


i|iS,(/) - / 


Ml 


p 


\n 


p,g 


where the constants in the eqnivalence depend only on /, r, ri. m, p and q bnt are 
independent of n. 


Proof. We already have the npper estimate for by Theorem 12.11 

(ii), so it remains to hnd the lower estimate for \\L^J^q{f) — 

Let us denote by L the circle of the radius r* and center 0. We have that the 
inequality \v — z\ > r* — r holds for all \z\ < r and n G L. Cauchy’s formula is 
expressed by 




Ln,pM)iv) - /(«) 

{v - 


dv 


(3.1) 


Now, as in the proof of Theorem 12.11 (ii), for all n G T and n G M, we have 

Ln,p,g{f)i^) - fi^) 

12 


p: 


\n 


p,q 


-SpM)i^) + 


p" 


\n 


p,q l 


\n 


p,q 


p 


2n 




(3.2) 


n 


p,q 


By dTl]) and ([33), we get 

2^M (f) _ fMf/") = ^ I 

ri,p,q\J ) J \J ) r 1 




2m 


-dv 


+ 


p m 


{v - 

! f Mlq {Ln,p,gif)i^) - /(^) 


[n]p,q'2m Jp 


dv 


!Ah-5..,(/)(~-)i<'“>+||^.^ 


p2n(^V - Z)^+^ 


p2n(^V - Z)^+^ 


dv 


Hence 


-[SpM)] 


I ("*) 


p 


\n 


p,q 


m 


! f [n]l,g[Ln,p,q{f)i^)- 


p2n^V - 


dv 
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Now by using Theorem 12.21 for all n G N, we get 

i! f ML {Ln,pM){^) - /(^) 


ml 


p2n(^V — 


^ ml 27 rr*[n]^^^ 

— 27r (r* _ j-'^m+lp2n 

^ ml r* 

< QrupM)- 


Ln,p,q{f) - f +P 


dv 

SpM) 


\n 


p,g 


But by hypothesis on /, we have || — [Sp,q{f)] | 


> 0. Indeed, supposing the con¬ 


trary, it would follow that [Sp^q{f)Y'^\z) = 0 , for all \z\ < r*, where by the statement 
of Theorem 12.21 we have 

■S',,,(/)(«) = ^ 


k=2 


k=2 


Firstly, supposing that m = 1, by Spg{f){z) = g"- k ([l]p,g + ... + [k - 

k=2 

V\p^(^z^~^ = 0 , for all \z\ < r*, would follow that = 0 , for all > 2, that is, / would 
be a polynomial of degree 1 = max{l,m — 1 }, a contradiction with the hypothesis. 

OO 

Taking m = 2, we would get Spg{f){z) = Y1 Ck k {k - 1) ([l]p,g + ... + 

k=2 

[k — l]p^q)z’^~‘^ = 0 , for all \z\ < r*, which immediately would imply that Ck = 0 , for all 
k > 2, that is, / would be a polynomial of degree 1 = max{l,m — 1 }, a contradiction 
with the hypothesis. 

Now, taking m > 2, for all \z\ < r*, we would get 

OO 

k”’(/)(‘) = E ctk{k- 1)...(4 - m + 1) (|1]„ + ... + [k- = 0, 

k=m 

which would imply that = 0 , for all k > m, that is, / would be a polynomial of 
degree m — 1 = max{l,m — 1 }, a contradiction with the hypothesis. 

Finally, we prove some approximation results for the iterates of (p, g)-Lorentz 
operators. 

OO 

For / analytic in Dpi that is of the form f{z)= ^ Ckz’", for all 2 ; G Dji, let us define 

k=0 

the iterates of complex Lorentz operators Ln,p,q{f){z), by Ln,p,g(/)( 2 :) = Ln,p,q{f){z) 
and L^r^J^q{f){z) = Ln,p,q[L^r^p~q^\f)]{z), for any m G N, m>2. 

OO 

Since we have Ln,p,q{f){z) = ^ CkLn^p,q{ek){z), by recurrence for all m > 1, we get 

k=0 

OO 

that Ll^J,q{f){z) = CkLl^J,q{ek){z), where L^i^^^q{ek){z) = 1 , if /c = 0 , Ll^J,q{ek){z) = 

k=0 

z ii k = 1, L^rpp,q{ek){z) = 0 , if k > n + 1 and 
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for 2 < fc < n. 

We present the following: 

Theorem 3.2 Let R > p > q > 1 and l<r<^<^be arbitrary fixed. Denoting 
Dr = {z E C : \z\ < R}. Snppose that / ; Dr —>■ C is analytic in Dr, i.e., f{z) = 


for all 2 ; G Dr, we have the npper estimate 

A:=0 




mpn g _ p _|_ 2 


Moreover, if lim = 0, then 

’ n^oo Hp.9 ’ 

_lim ||Ll-'(/)-/||, = 0. 

Proof. For all \z\ < r, we easily obtain 

\f{z) - 


|cfc|(fc + l)r^ 


< 

k=2 


1- 1-p 


n-1 [l]p,9 


[^]p,g 


...1-p 




p,q 


\n 


p,q 




k=n+l 


^n—1 [l]p,q' 

L.? 


... 1 


pn u ^ we get 1 - = 


Denoting Ak,n = (^1 - P 
(1 - v4fc_„)(l + Ak^n + Ain + ••• + ^ “ ^k^n) and therefore since 1 - Ak^n < 

pn-{k-i) (fc-i)[fc-i]p,g ^ 12 ;I < we obtain 


'^\Ck\'l 


k=2 


1 — p' 


n-1 


[n] 


p,q 


... 1-p 


n—(j—i) [2 ^]p)g 


['^]p,q 


Y1 


k=n-\-l 


n+l 


<m^|cfc|rV |cfc|r^(fc - l)[k - 1 ]^,. 

fc=2 k=2 

,kq^/p^ 1 °° 


< 


mp 


n+l 


\n 


P.9 h- 




< 


k=2 


q-p [n]p,q q-p^ 




k=2 


q \k 

-r) 

p 


<-n-f^ki(*. + i)(n)' 

Np.9 q-pt^2 


On the other hand, following exactly the reasonings in the proof of the Theorem 12.11 
we get the estimate 


^n+l — 

f2 


k=n-\-l 


[n] 


E |cfe|(fc +l)(ri)^ J2\ck\{k + l){ny 

_ ^ ^ ^=0 


p,q 


(q-py 


\n 


p.<? 


(g-p )2 


Collecting now all the estimates and taking into acconnt that ^ ^ 

arrive at the desired estimate. 


Since lim 


rrinP 


n^oo P^JP>9 


= 0 , it follows the conclusion that 

ito lhbd(/)-/ll = o- 
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